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A new parameterization for an inclined billiard initially discussed by Henon is presented. This 
parameterization expresses the time evolution of the scattering system by a family of pruned baker 
transformations. This allows to make contact with recent work on these mappings. As an applica­
tion, the topological entropy is analytically derived in a very good approximation and it is indicated 
how to systematically improve the result. The result which contains no free parameter, agrees 
excellently with numerical data for the whole parameter range from strongly chaotic scattering 
described by a complete symbolic dynamics to a bounded system with trivial scattering behavior.
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I. Introduction

Recently Henon introduced an inclined billiard in a 

gravitational field [1] that serves as a model for chaotic 

scattering, and pointed out that in a certain parameter 

range the system is described by a piecewise linear 

map. He worked out a symbolic dynamics description 

of the invariant set of the map and discussed how the 

scattering behavior is related to the symbol sequences. 

Analytical results were obtained for the parameter 

range where the symbolic dynamics is complete, and 

some numerical data were presented for other parame­

ter values. In this paper an alternative representation 

for the model is presented that allows to make contact 

with the present author’s work on transient chaos 

[2, 3] in a class of pruned baker transformations. This 

is interesting in itself, as it places Henons results in a 

wider context. Besides being relevant for chaotic scat­

tering, as e.g. in satellite encounters [4], Henon’s re­

sults are connected to aspects of spatial chaos in 

Frenkel-Kontorova-like systems [2, 5, 6], to the stor­

age capacity of an optical memory under unfavorable 

working conditions [7], and to transient chaos in dis­

sipative, Lorenz-like maps [8-10].

Moreover, results on the symbolic dynamics for the 

pruned baker transformations allow to discuss the 

properties of the inclined billiard in a parameter range 

not treated be Henon: In the following it is pointed
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out that both, the occurrence of forbidden sequences 

in the symbolic dynamics and the disappearing of 

transient orbits close to the transition of the scattering 

system to a closed system are due to escaping orbits. 

This is in close analogy to the situation at crises in 

dissipative [11] and in chaotic scattering [12] systems. 

The arguments allow to calculate the topological en­

tropy of the scattering problem to a very good ap­

proximation for all parameter values where the de­

scription by piecewise linear maps in possible.

In the following we first revisit Henon’s description 

of the inclined billiard (Section II). Subsequently we 

derive scaling laws describing the topological entropy 

at the onset of scattering (Section III A) and at the 

occurrence of forbidden sequences (Section III B). In 

Section III C these results are compared to numerical 

data, and possibilities are discussed on how to system­

atically derive corrections to the scaling laws. The 

paper concludes with a summary and discussion (Sec­

tion IV).

II. The Inclined Billiard Revisited

A) Derivation of the Map

Consider a point particle moving in the (Z, Y)- 

plane. It is elastically reflected at two fixed circular 

disks with centers ( — a, —r) and ( + a, — r) and radius 

r (Figure 1). In addition, due to a gravitational field 

the particle feels a constant acceleration g in the neg­

ative 7-direction.

At a fixed energy the trajectory of a particle is 

uniquely characterized by the sequence of X-co-
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For t]^ 1 the map (1) may be diagonalized by an 

affine linear transformation, which yields

Fig. 1. Typical trajectory of a particle bouncing from two 
circular disks and the relevant parameters to describe its 
movement. The centers of the disks are given by the 
crosscs in the plot. They lie at (X, 7) = ( — a, — r) and 
(X, Y) = ( + a, — r). U and V denote the velocity of the parti­
cle in horizontal and vertical direction, respectively.

ordinates at successive reflections: < ^ n + I)i =  

( . . .X n_2X „_1 ■ X n X n+l...}. This sequence may be 

viewed as a time series describing the evolution of the 

system. For the description of the motion within the 

scattering region, the X t may be restricted to the inter­

val X  i £ [ — 1, +1] [13] because the particle escapes to 

+ oo(— oo) after passing the right (left) hill. In this 

notation of the time series, the dot represents system 

time. It indicates that the particle is on its way from 

* „ - i to X m.
The billiard has two degrees of freedom. On ac­

count of energy conservation two successive X-coor- 

dinates uniquely specify the time evolution of the sys­

tem. They may be viewed as delay coordinates for an 

embedding of the invariant set of the chaotic scatter­

ing system [13,14]. For rE p m g a2 the corresponding 

mapping is well approximated by the linear map (cf. 

Appendix A)

X m \ (2y-2

o j \ x n_J  H  0

where

y =  l + 4 E /m gr,

<7n = sign(X„).

The map has eigenvalues

rj±x =y + (y2- \ )m

( l )

(2)
(3)

(4)

and eigendirections (1, t]) and (1, t] ~1), where 0  <  rj <  1. 

r] is small for large E /m g r  and it approaches 1 for 

E /m g r  ̂  0 + .

& :
rj 0 

0 t]-1
+

l -r, 

l -r,~ l
(5)

This is a piecewise linear map with fixed points 

(—1, — l)a n d ( + l, +1). The branches of &  are set by 

the conditions an=+\ and on = — 1, respectively. 

They are separated by an inclined line i f  (the critical 

line) with slope — rj,

i f :  y =  —rjx. (6)

This is a pruned baker transformation. In contrast, 

Henon starts from a Poincare section with X n and the 

horizontal velocity of the outgoing particle immedi­

ately after reflection (denoted by Un in Appendix A) as 

free parameters, and diagonalizes that map [1,15]. 

The advantages of the parameterization (5) of the scat­

tering system lies in the fact that it allows to make 

contact with results on pruned baker transformations.

B) Structure o f the Invariant Set

One easily verifies that the invariant set of J* is 

contained in the square °U\ [—1, + 1] x [ — 1, + 1], The 

application of 3F on °U is illustrated in Figure 2: First 

U  is squeezed in x-direction by a factor rj and 

stretched in y-direction by a factor f/ _1 (stretching). 

Then the resulting rectangle is cut along the line 

J* (if): y = rj~1x, and the upper part is shifted back to 

the right-hand edge of the square W (folding). To stress 

the symmetry of the map, ^  may be cut along i f  first 
and then stretched on the two half-planes separately 

(Figure 3). We will use this representation in the fol­

lowing. Because the scattering problem is invariant 

under reflection of Ar-coordinates ( ^ ^  — X) the criti­

cal line has to go through the origin of the (x, y)-plane. 

The demand for bijectivity on the whole plane fixes 

the slope of i f  to — The nonzero slope of i f  is the 

essential difference with respect to baker transforma­

tions studied elsewhere (e.g. in [17]), as

•  it allows to interpret as a bijective mapping on 

the whole plane, and

•  it is responsible for the occurrence of missing se­

quences in the appropriate symbolic dynamics (see 

below).

For rj <  0.5 the image of ^  consists of two vertical 

trapezoids of width rj, and the pre-image lies in hori-
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Fig. 2. Stretching and folding for the pruned baker transformation as given by (5). Details on how to label the axis are given 
in Fig. 4 below. - (a)r\ =  0.3: There is a horizontal band leaving in one iteration (double hatched area) and vertical band 
with no pre-images in aU. The invariant set is a complete Cantor set. It is obtained by taking away all pre-images of the

[z — l
horizontal band, and all images of the vertical band. - (b) t]= —  *  0.366: Two additional triangles have emerged that

leave the invariant set. The occurrence of pruning is due to trajectories of the former invariant set that enter these escape 
triangles. - (c)rj =  0.5: This is a borderline case. The width of the horizontal band has shrunk to zero. As a consequence there 
is no a priori Cantor set due to the bands any longer that supports the invariant set. The fractal structure of the invariant

set is only due to taking away the images and pre-images of the escape triangles (double hatched area). - (d) rj =  —-

«0.618: There are two escape triangles (double hatched areas) with points that leave the invariant set under one application 
of and two with no pre-images in aU. (The data points in this figure show a numerical approximation to the chaotic saddle. 
They were initially published in [16].)

zontal trapezoids of the same width (Figs. 2 a, b and 3). 

Thus an argument analogous to the one used in the 

construction of a Smale horseshoe [17] shows that the 

invariant set of is contained in a two-dimensional 

Cantor set with scaling rj in both directions. The half­

planes above and below the critical line <£ form a 

generating partition for a symbolic dynamics descrip­

tion of the invariant set. Points (x„, y„) of the invariant 

set uniquely correspond to symbol sequences

<<T„ + i );+=ao_ 00, where an+i takes the value — 1 ( + 1) 

when 3Fl (xn,yn) lies below (above) the critical line 

[10]. All points that share the same finite symbol sub­

sequence (word) + lie in a square of size 

2 " t x 2 " ‘ (a k-box) that is contained in (}U. The /c-boxes 

give a refining partition of the invariant set. They 

contain points that do no leave under (k — l)-fold 

forward backward iteration. The 1- and 2-boxes are 

shown in Figure 4.
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Fig. 3. Generalized baker transformation as given by (5). In 
order to visualize the action of the 1-boxes (hatched re­
gions in the middle part) and their images and pre-images 
under &  are drawn. The parts below (above) the critical line 
i f  are mapped by the upper (lower) branch of Details on 
how to label the axis are given in Fig. 4 below.

y 1□TTTTn
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Fig. 4. First level (short dashes) and second level (solid line) 
boxes approximating the invariant set. The Cantor set is 
contained in °U (long dashes), which is [—1, + l ] x  [—1, +1] 
for our definition of The 1-boxes have height and width 
t]. The intersection of the critical line if with the 1-boxes 
gives rise to escape regions (hatched triangles).

Points outside the Cantor set always correspond to 

transient orbits. They proceed to y =  ± oo under re­

peated iteration with SF and « ^ _1, respectively. In 

contrast, all points of the Cantor set represent 

bounded trajectories as long as the critical line does 

not intersect the 1-boxes, i.e. for rj < 3 . In that case the 

symbolic dynamics is complete. For the scattering sys­

tem this implies that there are scattering trajectories 

that scatter in any desired sequence at the two disks, 

provided that E > ^ m g r .

For r\ >h  the critical line intersects the 1-boxes. The 

triangle formed by the lower left corner of the upper 

left 1-box and i f  is referred to as an escape triangle in 

the following, as points of the Cantor set that enter 

this region escape to y =  oo under forward iteration. 

Another escape triangle is formed by the upper right 

corner of the lower right 1-box and if. Points entering 

this region escape to y = —oo (Figs. 2 b and 4). 

Analogously, the triangles formed by ^ ( i f )  and the

1-boxes form escape regions for backward iteration. 

All symbol sequences corresponding to points that 

enter the escape triangles become forbidden, they are 

pruned from the binary tree representing all sequences. 

As a consequence some sequences of scattering from 

the two disks are no longer realized by the trajectories.

The Cantor set-structure of the invariant set for 

7/ < 0.5 (Fig. 2 a, b) is due to the existence of horizontal 

and vertical stripes of width 2 (1 — 2 rj) that leave m 

under one application of S' and ^ -1, respectively. 

For rj < 1  they are the complements of &  1 (°U) n  °U 

and S' (Öl) respectively. At r j>  0.5 these stripes 

disappear (Figure 2 c). Nevertheless, the half-planes 

above and below i f  still form a generating partition 

for t] >  0.5, and k-boxes may again be defined as 

squares, containing all points that share the word 

The invariant set still has a fractal struc­

ture for 0.5 < rj <  1: Gaps are generated by the images 

of the two triangles inside ^  that have no pre-images 

and by the pre-images of the points leaving °U. These 

points again lie in two respective escape triangles (Fig­

ure 2 d).

The gaps vanish when r] tends to 1. This corre­

sponds to the limit E/mgr-* 0. At r\ =  1 either the 

energy of the particle is zero or the radius of the disks 

is infinite. In the former case the particle can no longer 

escape the well between the disks and the system turns 

into a bounded billiard. In the latter case the well has 

disappeared. To obtain the linear map (1) we restricted 

the discussion to r E $> mga2. In that case r -> oo and 

the points on the diagonal X n = X n+l form the invari­

ant set of (1). All these points are fixed points. Initial 

conditions away from the diagonal correspond to par­

ticles that move with constant velocity. Note that the 

eigendirections of (1) are parallel for rj =  1. Therefore 

the affine linear transformation from (1) to (5) becomes 

singular: 3F is the identical map on the whole plane. 

It still describes the fixed points on the diagonal of the 

(Xn, A^ + ̂ -plane, but the time evolution of all other 

points is lost by the transformation. Moreover, the 

half-planes above and below i f  do no longer form a 

generating partition as all fixed points in each half­

plane share the same symbol sequence: The encoding 

is no longer unique.

III. Parameter Dependence of the Topological Entropy

The topological entropy K 0 measures the asymp­

totic exponential growth of the number M 2k(r]) of
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allowed words <crn+i>f= with their length 2k:

oc e\p(K02k) for large k. (7)

It is a measure for the complexity of the time evolution 

of a dynamical system [17,18]. The topological en­

tropy of the invariant set of 3P takes its maximum 

value log 2 when all symbol sequences are allowed, i.e. 

for rj <3- For larger rj the topological entropy K 0 

decreases and it approaches 0 when rj tends towards 1 

[2]. In the following, statistical arguments are used to 

calculate K 0(rj) in the parameter range 0 <  rj <  1.

Prior to this discussion the author would like to 

point out that one can use the following arguments to 

discuss the fractal dimension D or the escape rate x of 

the invariant set as well. For piecewise linear maps the 

Lyapunov exponents (± log rj~ 1 in the case of tf') are 

constant for all trajectories, and the latter quantities 

may immediately be calculated from K 0 due to the 

relations

D0 = K 0/\ogrj, (8 a)

k =  —K 0 — \ogrj, (8 b)

which follow from the thermodynamic formalism [19]. 

The topological entropy has been chosen as it only 

changes when there are bifurcations, i.e. when new 

forbidden words occur, and it is constant otherwise. In 

contrast, x and D0 vary in the whole parameter range 

and it is more difficult to keep apart the additional 

contributions due to bifurcations.

A) Scaling Behavior at the Onset of Chaotic Scattering

There is no scattering for rj =  1. In particular, there 

is no chaotic behavior and therefore K 0 is zero [20]. At 

this parameter value every point is a fixed point. For 

smaller rj the invariant set of $F is contained in °U. 

There are small escape regions in ^  and points enter­

ing these regions are mapped to infinity under re­

peated application of (Figure 2 d). This situation is 

reminiscent of a boundary crisis in strange attractors 

of dissipative systems [11]. In fact, the arguments pro­

posed for the calculation of the escape rate x at a crisis 

apply also in our case. They only need to be general­

ized from a parabolic to a triangular form of the es­

cape region [19]. A careful analysis of the geometry of 

the invariant set allows to explicitly calculate x and 

not only the exponent of its power-law dependence. 

K 0 may be calculated from x by (8 b) which follows 

from the thermodynamic formalism.

The escape rate x measures how quickly trajectories 

are expelled from a neighborhood of the invariant set. 

This rate may be calculated by uniformly distributing 

a large number N0 of initial points in and monitor­

ing how many trajectories N„ that started out at the 

initial points are still staying in ^  after n iterations.

Nn oc N 0 exp (— x n), for large n . (9)

The escape rate is zero when the system is closed (in 

our case for rj =  1) and it is finite for a (chaotic) scatter­

ing system (i.e. for 0  <  rj <  1 in the case of &).

The escape rate may be calculated by a statistical 

argument: A trajectory leaves ^  if and only if it enters 

one of the two escape triangles that leave the square 

in the next step of iteration (cf. Figure 2d). has a 

constant natural measure because it is a piecewise 

linear map. Hence, the probability to leave ^  in one 

step is proportional to the relative size & of the escape 

triangles with respect to the area A = 4 oi°U\

0> = ]- A x A y= ^- (l- r ,)2, (10)
4 4r\

where Ay = rj — (— \ + 2rj) = 1 — rj and Ax =  Ay/rj de­

notes the width and the height of the escape triangles, 

respectively.

Dynamical systems such as the pruned baker trans­

formations studied in this paper typically show ergod­

icity and mixing properties on the invariant set [21]. 

As a consequence correlations between the probabili­

ties to enter the triangles in successive steps decay 

exponentially fast. Therefore the number Nn of points 

remaining in °U after n iterations is well approximated 

by

N„ =  N 0(\-&r, (11)

which yields the escape rate

x =  - l o g ( l - ^ ) «  -^-(1 -r/)2. (12)
4 rj

For ri <  1 this is the well-known scaling behavior for 

x [11]. However, in the present case it is also possible 

to calculate the pre-factor of the scaling law and its 

logarithmic corrections. The formula may be used as 

long as the invariant set is not embedded in a Cantor 

set, i.e. for 0.5 <t] <  1. For smaller values of rj, the gaps 

of the Cantor set give additional contributions to the 

escape that are not accounted for in the above argu­

ment.

For J* the Lyapunov exponent, the escape rate and 

the topological entropy are related by (8 b), so that one
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obtains

K 0 (i7) =  - lo g i / - lo g n -  j - ( l  -rj)2

V n 7 (13)

%(1 — t])+ ^ \ (1 — rj)2, for 0.5 <rj<\.
At]

The terms in (1 — r,) are the two leading orders of an 

expansion of K 0 for r] <1. The leading term may be 

deduced from the observation that the fractal dimen­

sion of the invariant set is 2 when there is no escape. 

The quadratic term contains corrections due to es­

cape. As far as the author sees, correlations that are 

dropped by the statistical argument only change 

higher-order terms in the expansion. Their contribu­

tions may be systematically calculated by expanding 

the symbolic dynamics into Markov chains [18].

B) Scaling Behavior at the Onset of Pruning

For 0 <  ri <  | the invariant set of &  is a full two-di­

mensional Cantor set with a symbolic dynamics as 

known from the baker transformation. Any binary 

symbol sequence uniquely corresponds to a point of 

the invariant set. For this parameter range the scatter­

ing system described by has been treated in detail 

by Henon [1].

For rj =  | the homoclinic orbit corresponding to the 

symbol sequence <( —1)® (+ 1) (— l)00)  touches the 

critical line a that point which is located at the lower 

left corner of the upper left 1-box. At this parameter 

value the trajectory splits into two transients that ap­

proach the fixed point (x, y) =  (— 1, — 1) under back­

ward (forward) iteration and escape ^  under forward 

(backward) iteration. The points of these transients 

still lie in the Cantor set. However, they are no longer 

part of the invariant set of and the corresponding 

symbol sequences become forbidden (pruned). By 

symmetry reasons the homoclinic orbit with the sym­

bol sequence <( + 1)°°(— 1) (+ 1)®) becomes forbidden 

at the same parameter value.

For rj > | most of the trajectories escape. Geometri­

cally they may be characterized by the condition that 

they contain a point that enters one of the escape 

triangles given by the intersection of <£ with the upper 

left and lower right 1-box, respectively (Figs. 3 and 4). 

All corresponding symbol sequences become forbid­

den and K 0 starts to decrease. In order to calculate 

K 0, one needs to know the number of forbidden 

words. A word of length 2 k may uniquely be identified

with one of 22k k-boxes. All trajectories passing 

through this box contain the word in their symbol 

sequences. The word is forbidden if any of the trajecto­

ries starting in the box enter an escape triangle under 

at most {k — 1) forward or k backward iterations, be­

cause by definition all points of a box stay at the same 

side of <£ during these iterations.

After this consideration the deviation of K 0 from its 

maximum value may again be calculated by a statisti­

cal argument: Denoting the fraction of /c-boxes in the 

escape triangles by & and neglecting correlation as 

above one finds the topological entropy,

K0{rj)= lim ^ - lo g ( ( l- i
k-»ao 2k

■22k)

log 2 + log(l — 0>) 

log 2 —Z?, for small (14)

The probability & denotes the fraction of boxes in two 

escape triangles of width Ax and height Ay (Figure 4). 

Since the boxes form a refining partition of the Cantor 

set, the number of /c-boxes in the triangles scales with 

the partial fractal dimensions Dx and Dy of the Cantor 

set supporting the invariant set:

SPoc(Ax)D* (Ay)°y. (15)

From the construction of the Cantor set one easily 

log 2
verifies that DX = DV = — ---- . The height and width

log rj

1 +rj 3rj — 1 
of the escape triangles Ay =  —---- (1 — t]) =  — -—

A y
and Ax =  —  immediately follow from the geometry

of the 1-boxes and the equation for i f  (Figure 4). The 

pre-factor in (15) is fixed by normalizing Ax and Ay 

with respect to the side length of (}U. Inserting (15) into

(14) one obtains

K oM  = log2 + l o g ( l-  -  J N2D

O \DX /  1 \2DX

,og2 ( I - , (16)

,  1 1
for -  <  n < — .

3 ' 2

The result is valid for | <  t] <  For smaller ti there is 

no pruning and for rj the underlying Cantor set- 

structure disappears.
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C) Numerical Test and Extensions of the Result

As discussed in the two previous subsections, we 

have used statistical arguments and a relation between 

K 0, x, and t] following from the thermodynamic for­

malism to describe the behavior of K 0 in the whole 

range 0 <  rj <  1 (solid line in Fig. 5 a):

r log 2, 

log 2 + log

K 0(ri)=  <

log tj log

k 0

for 0  <  rj <

for

for | <  rj <  1, 

for 77 =  1.

Although the results contain no free parameter, they 

match for the borderline cases q =  and 1 where 

there are two possibilities to calculate K0. As a con­

sequence K 0(r]) is continuous in the considered range 

of tj.

To test the quality of the result, we have calculated 

the topological entropy numerically [2]

•  by evaluating the number of periodic orbits 

of length n and using (7),

•  by using the thermodynamic formalism [22] to ana­

lyze a numerical scattering experiment,

•  by a transfer matrix technique.

The numerical methods give consistent results for 

0 < r j<  0.7. In this parameter range the prediction (17) 

is in good agreement with the numerical data (Figure

5 a).

For r\ >  0.7 the numerical data are no longer reli­

able. However, the result (17) is bracketed by exact 

analytic upper and lower bounds [2] that become tan­

gent in this limit. The upper bound stems from the fact 

that the fractal dimension of the invariant set of a 

two-dimensional map cannot exceed two. It corre­

sponds to the first-order term in the expansion (13) in 

powers of (1 —rj). The lower bound was obtained by 

explicitly enumerating and counting very stable peri­

odic orbits. Equation (17) is consistent with these 

bounds. Thus the author is confident that (17) gives a 

reliable description of K 0 in the whole parameter 

range 0  <  rj <  1.

Due to the approximations made in the derivation 

there are, of course, deviations between the numerical 

data and the curve given by (17). They are due to the 

neglect of correlations when calculating the probabil­

ity of an orbit to escape. The largest deviation (about 

3.5%) is discerned at rj =  0.5. One can easily improve 

on this. E.g. the error already halves when it is taken 

into account that the escape regions for forward and 

backward iteration do not overlap (Figure 5 b).

In addition to these deviations from (17), there are 

oscillating deviations for | < r j<  They are easier 

recognized when the relative error is plotted on a 

logarithmic scale in (rj — |) (lower part of Figure 5 c). 

The oscillations are due to the self-similar structure of 

the escape triangles. This yields corrections to the rela­

tion between the size of the forbidden triangles and the 

number of boxes they contain. Therefore, there is a 

fine structure on the average behavior (15). An explicit 

calculation of this fine structure [10] gives an im­

proved parameter-free prediction for K 0 (Figure 5d).

IV. Discussion and Conclusions

In this paper I have discussed the parameter depen­

dence of the topological entropy for an inclined bil­

liard in a gravitational field. It was pointed out that 

statistical arguments are sufficient to calculate the to­

pological entropy in a good approximation for the 

whole parameter range from strongly chaotic scatter­

ing described by a complete binary symbolic dynamics 

(rj <  ^) to a bounded system with trivial scattering 

behavior (>7 =  1). Henon showed [1] that any allowed 

word of the symbolic dynamics corresponds to a set of 

initial conditions for the scattering system where all 

trajectories are scattered from the disks in the se­

quence predetermined by the symbol sequence. The 

result on K 0 entails that all sequences are allowed for 

E > \ m g r  and that at most a countable number of 

transient orbits is left for E /m g r  =  0 In fact, we have 

argued that there are no transient orbits left at this 

parameter value, as they either cannot leave the well 

any longer (E =  0) or the well disappeared (r =  oo). 

In addition, it has been shown that the orbits remain­

ing trapped forever are a subset of a regular Cantor 

set in a time delay map for E > ~ m g r(r j <  |). For 

m gr (rj <  |) the set is complete, and it vanishes 

due to the disappearance of gaps in the regular Cantor- 

set structure. Nevertheless, the invariant set has a frac­

tal structure for all E/m  g r >  0. For E < m g r (rj >  ^) 

it is caused by pruning only.

y y x 

4~n)
n -

1 (17)



Fig. 5. Numerical test of the results on the topological entropy (17). - (a) Comparison of numerical results obtained by 
counting periodic orbits, by the scattering formalism and by a transfer matrix method with the theoretical result (17) (solid 
line). The dotted lines give exact upper and lower bounds on K 0. For details on the numerical methods and on the bounds 
see [2]. - (b) Close-up of the results for q «  0.5. The inclusion of correlations to first order improves the result (17) considerably 
(dashed line). - (c) Scaling law at the onset of pruning on a double logarithmic scale (above). The lower part shows the ratio 
of numerical data and the theoretical result. The periodic oscillations on the logarithmic scale are due to the self-similar fine 
structure of the Cantor set in the vicinity of the first forbidden orbit. rjc =  | is the parameter value where pruning first occurs. 
- (d) Comparison between the fine structure of the numerical data and an improved theoretical calculation that accounts for 
the self-similar fine structure of the Cantor set in the vicinity of the first forbidden orbit.

Although all correlations are neglected in the statis­

tical arguments used for the calculation of K 0, a 

parameter-free result has been obtained that agrees 

excellently with numerical data. The accuracy is better 

than a few percent in the worst case. There is no 

principal difficulty to improve the accuracy of the ap­

proximation by accounting for the self-similar struc­

ture of the invariant set and by successively including 

correlations. The scheme may as well be used to calcu­

late other quantities of interest, e.g. the escape rate and 

the fractal dimension of the invariant set. As is a 

piecewise linear map the latter quantities are closely 

related to the topological entropy through the ther­

modynamic formalism [19]. Therefore the topological 

entropy is the only nontrivial quantity in this model.

To some extent, the high quality of the theoretical 

prediction of the topological entropy is due to the 

simplicity of the map: 3F is piecewise linear and does 

not have multifractal properties. This allows to ana­

lytically calculate the pre-factors of the scaling laws at 

the onset of pruning and at the disappearance of scat­

tering, respectively. In spite of this, the author is con­

fident that the approach presented in this paper is also 

useful in more complicated systems. After all, similar 

scaling laws have been studied in the context of crises 

in attractors of dissipative systems which have turned 

out to reliably describe experimental [23] and numer­

ical data [11]. Moreover, (14) has successfully been 

tested for other systems, including pruned baker 

transformations with multifractal properties [10] and
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continuous maps [24]. It is interesting to elaborate on 

the relation between the crises presented in this paper 

and crises in dissipative systems: The disappearing of 

transient chaos may be viewed as the conservative 

limiting case of a boundary crisis in the attractor of a 

family of area contracting maps that have been dis­

cussed by Tel [9]. The occurring of forbidden orbits is 

the analogue to a boundary crisis of a dissipative sys­

tem, in the same sense that the merging crisis in 

chaotic scattering [12] is related to attractor merging 

[1 1 ].
To summarize, a method has been discussed to de­

termine all topologically different scattering trajecto­

ries (the allowed words in the corresponding symbolic 

dynamics) of an inclined billiard in a gravitational 

field. This allowed an analytical calculation of the 

topological entropy. The approach relies on local in­

formation in a neighborhood around the first forbid­

den and the last surviving orbit only. Thus it may 

easily be generalized to other systems [10, 24], As the 

method only needs local information for a few promi­

nent orbits, the approach establishes a more efficient 

method to calculate the topological entropy than pro­

vided by periodic orbit theory and by formal scatter­

ing methods. The latter methods need global informa­

tion on the structure of the invariant set: Periodic 

orbit theory is based on detailed knowledge of the 

grammatical rules of the symbolic dynamics of the 

system [25], and the scattering method needs detailed 

information on the hierarchical structure of the time 

delay function of the system [19]. On the other hand, 

these approaches provide much more information, as 

they allow to calculate the full multifractal spectra.
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Appendix A : Encoding the Billiard

In order to derive (1) we note that it is sufficient in 

the present context to restrict the attention to trajecto­

ries that stay in the scattering region — 1 <  X  <  +1 for 

a long time. We demand that the initial condition is 

chosen in such a way that the particle can turn for a

/  a [2E\ , , 
given horizontal velocity U ( U < 2 — I and that

it cannot cross the scattering region X  e [— 1, +1] in 

mga
one jump U <

2 E
^ -). For rE 5>mga2 almost

all the energy of such a particle is given by its vertical 

motion at a reflection

(A 1 )
E = mg Yt + y ( ^ 2 + vi2) ~ y  Vi2 for r E ^ m g a 2, 

where

m is the mass of the particle, 

g the gravitational constant,

Yt the distance from the X-axis at the reflection,

U{ the velocity in horizontal direction immediate be­

fore the ith reflection,

Vi the velocity in vertical direction immediate before 

the ith reflection.

The approximation holds because Yt takes values be­

tween the minimum of the well at X  =  0 and the max­

ima at X  = ±a. From rE $> mg a2 it follows that the 

contribution from the potential energy

m g a2 
\mgYi\<-?— < E  

2 r
may be neglected.

In the limit considered, the time of flight T between 

successive reflections is constant. It is a function of the 
£

external parameter — , taking the value

T =
2Vi

9

8 E 

mg2

1/2

(A 2)

Here and in the following the approximation sign 

always refers to the limit rE p m g a 2.

Ui does not change between successive reflections at 

Xi _ i and X i . Therefore it is given by

U; =
X t- X t.  1 = 0 " (A3)
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In addition, the change in Ut due to a reflection at X (

may be calculated from the angles 9\n and 0°ut between

the vertical line and the velocity vector of the particle

immediately before and after reflection, respectively,

because /
/ 2 E V 12

Ut = (U? + V2)112 sin0?" »  I — ) 0|n • (A4) 

The in-going and out-going angles are related by

0out =  _  0*" + 2 arcsin ' a<T|

- 0 l " - T (X i - a o i),

where

(A 5) 

(A 6)

determines whether the particle is reflected at the left 

(ai =  —1) or the right (oi =  +1) disk. Using the fact 

that the incoming angle at the following reflection 

6\D+! equals 6°ul up to a change in sign, one obtains for

U.i + 1

Ui+1
2 E\112 f  . 2

f  SE \1/2 
Ui+ — j )  (X i- aC i). 

\mrz J
(A 7)

Inserting (A 3) into (A 7) and writing the resulting dif­

ference equation in matrix form immediately yields 

the map (1). In doing this we fixed the length scale by 

setting a =  1.
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